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ABSTRACT
By using the theory of Chan and TsuiL1_11, the gain
characteristics of a Free Electron Laser amplifier and oscillator
are further discussed, where a change of magnetic length and an
increase in the number of electrons are studied. For an
amplifier, it is found that the gain increases for longer magnetic
length and larger number of electrons. And the constant gain
begins to drop at smaller optical power density for longer
magnetic length. Furthermore, instead of a constant stimulating
laser wave inside the interaction region, a growing laser wave is
considered, where a mechanism of wave growing is suggested.
However, the results calculated are nearly the same as that for a
constant laser wave. For a FEL oscillator, the gain spectrum and
its shifting characteristics for different magnetic length are
obtained. With shorter magnetic length, the constant peak gain
corresponds to-longer. wavelength. Finally, the starting of a
coherent laser wave in a FEL oscillator is derived with the same
mechanism as for a growing stimulating laser wave. Its result is
comoared to experimental observation.
5CHAPTER 1' INTRODUCTION
1.1 WHY USE CLASSICAL THEORY:
Free-electron laser is a device which contains a nigh eueigy
electron beam passing through into a periodic magnetic field, with
or without.an external laser wave. The idea of using high-energy
electrons to amplify optical radiation can be traced back to 1951.
According to classical electrodynamics, Henry Motz,of the Stanford
high-energy physics laboratory analysed that electromagnetic
radiation of wavelengths much shorter than the period of the
magnetic field could be generated [3], and this phenomenon was then
experimentally confirmed in 1953[4] with radiations of visible
light and millimeter wave from 100 MeV and 3 MeV electron beams
passing through a periodic magnetic field.
Based on quantum electrodynamics, in 1963, a very high-energy
photon beam generated from an intense laser beam being
back-scattered by an ultra-high-enery electron beam was
suggested(5-6] in terms of Compton scattering. Then from 1964 to
1969, Gev photon beams produced from ruby laser being
back-scattered by a multi-Gev electron beams, were observed [7-91
The Compton-type scattering in classical electrodynamics was later
proposed [10-12] in the 70's.
6On the basis of the effect of stimulated Compton scattering,
in 1933, P.L. Kapitza and P.A.M. Dirac suggested that a beam of
electrons of well-defined momentum could be reflected from a
standing light wave of wavelength A. They predicted that the
reflection is required to obey the first-order Bragg condition
with a lattice-spacing of ZA and the probability of an electron
being reflected is proportional to the square of the intensity of
the light beam[13'. Four independent experimental investigations
of Kapitza-Dirac scattering with standing laser wave [14-17] were
performed from 1965 to 1968. The results were not only different
from each other but also inconsistent with the prediction of
Kapitza and Dirac. Subsequently, based on quantum-
mechanics [18-19], quantum- electrodynamics [20] and semi-quantum-
mechanics[21], a number of theoretical treatments were reported
from 1964 to 1974 to study the experimental results, however,
without much success. The results were finally explained by Chan
and Tsui (22], according to classical electrodynamics, in terms of
the simple-pendulum motion of the (scattered) electrons in the
standing light wave. Similarly, for a FEL, the motion of the
electron in the interaction region considered in the co-frequency
frame is in principle the same as the Kapitza-Dirac effect
scattering of an electron by a laser standing wave. Therefore, a
classical theory is introduced to study a FEL.
71.2 METHOD:
A FEL can now be considered as follows:
Free-electron laser may be generally defined as a physical system
which can generate or amplify-coherent radiation by means of the
scattered radiations emitted by high energy electron beams (I 1)
under the influence of coherent (harmonic) electromagnetic fields
or coherent radiation which are, in principle, relativistically
equivalent.(23]
When a large number of electrons of an electron beam pulse
are randomly entering the magnetic field at different time, the
positions and the motions of them relative to the phase of the
coherent field are random. As a result, the phases of radiation
pulses emitted by each of the electrons are assumpted to be
randomly and uniformly distributed. If there is no interaction
among the electrons, the radiation emitted by the electron beam is
incoherent and the total radiation power emitted by the electron
beam in the forward direction is given by,
incoherent a NrPe
where N is the number of radiation pulses in superposition,
P is the'radiation power emitted by a single electron.
8However, if the motions of the electrons are distributed by
the stimulation of certain mechanism, the uniform phase
distribution can be changed so that the scattered radiations
emitted by the electrons are partially coherent and the total
nnwPr of the scattered coherent radiation is described by,
N P
Pcoherent a eff e
where N is the effective number of electrons whose radiation
eff
pulses are of the same phase and in superposition.
In the ideal case, when the uniform distribution is cnangeu
into a S-function, S(f), in which all radiation. pulses are of the
0
same phase, the total coherent radiation power is given by
pcNre
In 1972, R.B. Palmer [24] proposed that three kinds of
classical mechanism could be used to upset the uniform phase
distribution of radiation emitted by the electrons of an electron
beam in the forward direction:
(A) The electron beam is bunched by an external coherent
radiation travelling in the same direction of the electron beam
(external bunching).
9(B) Inside the electron beam, those electrons moving ahead are
bunched by radiations emitted by other electrons travelling behind
them (self-bunching).
(C) The electron beam is bunched by coherent radiation which is
generated by self-bunching and then amplified inside a feed back
cavity formed by two concave mirrors (internal bunching).
From the radiation point of view, Palmer's mechanism are
respectively interpreted as
(A') coherent amplification by external stimulation,
(B') coherent generation by self-stimulation,
(C') coherent. oscillation by internal stimulation and
amplification.
Based on Palmer's idea (A), Chan and Tsui' calculates the
gain of a laser wave.in terms of the radiation scattered by the
electron beam in good agreement, as opposed to that based on
electron bunching and energy conservation, under the condition of
weak field approximation [25-28], a number of different classical
theories have been developed to study the first FEL amplifier.
However, none of the formulas derived from these theories is able
to account the experimental result because the experiment was not
performed generally under the weak field condition(29)
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Chan and Tsui's theory of a FEL amplifier can be divided.into
four Darts as follows:
(1) The interaction region is first considered in a co-frequency
frame S' in which the laser wave and the periodic magnetic field
become two plane waves of identical frequency but travelling in
opposite directions. They are called the stimulating wave and the
pumping wave respectively.
(2) In the S'-frame, since the phase relationship between the
pumping wave and the stimulating wave, the pumping wave. and the
scattered radiation are determined, so that between the
stimulating wave and the scattered radiation can be found.
(3) The differential radiation power of the scattered radiation
of a high energy electron in a helical magnetic field is first
found in the electron's rest frame, S-frame. Under frame
transformation, it is used to obtain the electric field magnitude
of the scattered radiation in the laboratory-frame.
(4) The effective number of electrons whose scattered radiations
are in phase with the stimulating wave can be derived by taking
the average over all phases and interaction time. Since this
number is invariant under frame transformation, it can then be
used to calculate'the gain of the stimulating wave.
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Similarly for the oscillator, based on Palmer's idea (C), the
same method [2] is applied where the gain per pass is set to equal




2.1 BALANCE OF RADIATION POWER:
Before calculating the gain of a FEL amplifier and the output
power of a FEL oscillator, the followings are first defined,
electric field of stimulating wave,
electric field of radiation emitted by a single electron,
total electric field of electron radiation pulses in
superposition,
total electric field of radiation after single
pass
N P- number of electrons with radiation pulses superposed,
G T (E S) total gain in a single pass,
LT = total loss in a single pass.





effective number of electrons with radiation
fields in superposition and in phase with
effective number of electrons with radiation
fields in superposition and in phase with one another
is the phase between
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(A) FEL amplifier
In a FEL amplifier, a coherent radiation of fixed wavelength
is amplified by the scattered radiations of the electron beam.
Since in this case, LT - 0, the gain of a FEL amplifier obtained
from eqt. (2.1.1) is,
(2.1.2)
(B) FEL oscillator
In a FEL oscillator, the original seed of coherent raaiation
is generated from the first single pass of the electron pulse by
the mechanism of self-stimulation. This radiation will then be
fed back by the resonator and amplified by the scattered radiation
of subsequent electron pulse. According to eqt. (2.1.1), the
evolution of coherent radiation in the resonating cavity can be
expressed by,
(2.1.3)
is the original seed of coherent radiation.where E
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When the evolution reaches the steady state,
(2.1.4)
The radiation power inside the resonator in the steady state is
therefore given by,
(2.1.5(a))
and the output power of the oscillation can be obtained by,
(2.1.5(b))
where T is the transmission of the exit mirror.
Thus, for a given experimental conditions, G(ES), PC and Pout
are found.can be calculated if N
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2.2 EXPERIMENTAL SET-UP:
The theory and the calculations below are mainly based on two
experiments, one is concerned with a FEL amplifier [30] and the
[31]
other is a FEL oscillator
(A) FEL Amplifier
The Stanford free electron laser amplifier consists of 3 main
components as shown in Fig. 1:
(1) a 24.5 MeV electron beam pulse,
(2) a 2.4 kG helical magnet of period 3.2 cm and length 5.2 m
(the pumping wave),
(3) a 10.6 um CO2 pulsed laser wave (the stimulating wave).
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(B) FEL Oscillator
In contrast to the FEL amplifier, the Stanford FEL oscillator
also consists of 3 main components as shown in Fig. 2:
(1) a 43.5 MeV relativistic electron oeaiii pu.Lbc,
(2) a 2.4 kG helical magnet of period 3.2 cm and length 5.2 m
(the pumping wave),
(3) a resonator formed by two concave mirrors of radius of
curvature 750 cm and of distance 12.4 m apart with total loss
of 2.8% and the exit mirror's transmission of 1.5%.
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2.3 THEORY:
By now, as referring to the Stanford FEL amplifier or
oscillator condition
(I) ELECTRON KINEMATICS IN THE CO-FREQUENCY FRAME
Let S-frame be the laboratory-frame of the system, the
equation of the right-handed circularly polarized helical magnet
al nnv the O-direction is
(2.3.1)
where BM is the amplitude of the magnetic field,
A is the magnetic period.
And that of the right-handed circularly polarized plane GO2 laser





where ES is the amplitude of the electric field of the laser wave,
wS is the angular frequency,
r =t- z is the retarded time,
S C
c is the speed of light,
n= is the propagation direction of the laser wave.
cp is the initial phase relationship between the laser field
and the magnetic field.
Now an electron beam with velocity v 0 m cp 0 k and total energy
E m m c2-y enters the interaction region which consists of the
o e o
magnetic field and the stimulating laser wave, where m e is the
2
mass of an electron and r=(1-).-1/2
Instead of considering in the S-frame, the whole system is
now transformed into a co-frequency frame, S'-frame, where it
moves with velocity v along with respect to the S-frame. In
other words, the magnetic field can be considered as a left-handed
circularly polarized plane electromagnetic field moving with





and the stimulating laser plane wave is still transformed into a
right-handed circularly polarized plane wave travelling along +n.




As S'-frame is the co-frequency frame, it implies that,
where XS is the wavelength of the stimulating laser wave,
21
Therefore, the system can now be considered as a electron beam
travelling in an interaction region of: two E.M. wave travelling in
opposite direction with the same frequency, the initial velocity
and total energy of the electron are transformed as,
Under the interaction of the E.M. waves, and using the
Lorentz force-power, the equation of motion of an electron in the
S'-frame can be found,
(2.3.5)
(2.3.6)
where e is the electronic charge,
is the momentum, velocity and
energy of the electron respectively in the S'-frame.
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The Lorentz force is divided into 2 components, one parallel
to n and the other perpendicular to n, which .is labelled as M.





is the differential vectorFor a plane wave,
0 because of the magnetic leakage at the
potential.
ends of the magnet and the non-abrupt wave-front of the laser
wave,
(2.3.10)
Put egts. (2.3.9) & (2.3.10) into eqt.(2.3.8),
(2.3.11)
23




In the Stanford amplifier condition,
(2.3.13)then eqt.
Zoreover, near the entrance of the magnet at the region
the magnetic field strength is increased from 0 to BM, and
on the other' hand, the magnetic
field strength is BM for z > 0 inside the interaction region, and
Then divide eqt.(2.3.11) by egt.(2.3.13),
24
for z < 0 (2.3.14)
for z > 0 (2.3.15)
where
Integration of eqt. (2.3.14) gives,
at z= 0 (2.3.16)
where D
By using no<< 1, integration of egt.(2.3.15) gives,
(2.3.17)
and p'no represent the initial velocity
where
and position of an electron respectively. Though V is cnoosen LU
be -2, it does not change the result because the electrons in the
beam are assumed to be uniformly distributed over all phases with
respect to the stimulating wave. Eqt. (2.3..17) represents that
the electron motion in the interaction region has the same
25
kinematic of a simple pendulum as-described in Fig. 3. Each
electron initially having a certain phase with respect to the
stimulating wave and.certain velocity follows a particular path in
the phase-space diagram as time evolves.
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(II) PHASE RELATIONSHIP BETWEEN STIMULATING AND SCATTERED WAVES
In the S'-frame, the electric field of the scatterea
[32]
radiation emitted by an electron is expressed by,
(2.3.18)
where n' is the direction of observation,
S
R' is the distance between the electron and the point of
observation.
As the gain of a FEL amplifier is due to the scazzerea
radiation coherent to the stimulating laser wave and the scattered
radiations in superposition and in phase with one another, this
radiation field is mainly caused by the transverse periodic
magnetic field (the pumping wave) because it's field strength is
much larger than that of the laser wave, i.e., E'M >> E's & B'H >> B's




In an electron beam, r,p B and E'M are the same for all zne
electrons in a thin slab of thickness z' of the beam
cross-section as shown in Fig. 4. A phase difference¢' between
the scattered radiation from a ring Az'dS' and the centre of the
slab exists, in addition,
so the total electric field emitted by the electrons in the slab
at the point of observation with respect to the stimulating wave
is found to be,[33]
(2.3.20)
where pN is the number density of electrons.
(2.3.21)
Comparing egt.(2.3.20) & (2.3.21),
(2.3.22)
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where' is the phase difference between the scattered radiation
emitted by the electrons in the slab and the stimulating
wave.
Finally, the total electric field produced by a slab of
electrons and the stimulating wave at the point of observation is
obtained.
(2.3.23)
is the unit vector in the direction ofwhere
is the position of the slab.
29
(III) SCATTERED RADIATION OF A HIGH ENERGY ELECTRON IN A HELICAL
MAGNETIC FIELD
In order to find the electric field of the scattered
radiation due to each electron in the laboratory-frame, it now
first looks at in the electron's rest frame, S-frame. In this
frame, the magnetic field is transformed into a left-handed




Since due to the magnetic field leakage at the end of the




where eK and P are the kinetic energy and momentum of an electron
respectively in the S-frame, (341
Under the condition,
where P is the Lorentz force due to
(2.3.27(a))
(2.3.27(b))
are the scattered radiation of thewhere All and
s
fundamental frequency and differential radiation power in
the S-frame,
- is the magnitude of the Poynting vector,
is the classical electron radius.
andUnder the transformation of dP
can beand





as a s varies with 0, only scattered power near 0 0 0 is
responsible for coherent amplification
coherent amplification is effective only within a small solid




For a very small acceptance solid angle na,
(2.3.30)
where F is the power of the seattered radiation of an electron
0
due to the pumping wave in the S-frame,
32
(2.3.31)then E
where Ee is the electric field of the scattered radiation in the
S-frame,
& Re is the radius of the electron beam pulse.
33
(IV) EFFECTIVE NUMBER OF ELECTRONS WITH SCATTERED RADIATION IN
PHASE WITH THE STIMULATING WAVE
Now in the following, the effective number of electrons witn
scattered radiation in phase with the stimulating wave is
being calculated :
When a monoenergetic electron beam pulse enters the
interaction region, the pulse length is much larger than s' So
the initial phases of the electrons can be considered to
distribute uniformly over many identical unit cells of dimension
w'p' ranging from -2r to 2,x as shown in Fig. 3. The average
no
electric field of the scattered radiation within a unit cell at
time t' is,
(2.3.32)
where Nc is the number of electrons within a unit cell.
The scattered radiation from one unit cell can overlap with
that from others and the separation between adjacent cells is of
dimension A'. In Fig. 5, L' is the length of the electron beamS e
pulse and L' is the maximum length along the electron beam that
p
scattered radiations emitting from cells within this length may
r 3 5 361
overlap with one another . Let I be the number of unit
cells within L' . i.e.. there are totally 1 ; 162 A emitted
by the electrons after passing through the interaction region, and
J be the number of unit cells within L'. As seen from Fig. 5, the
e
total electric field along the radiation pulse is expressed as,
(2.3.33)
where i runs from 1 to I depending on the position along the
radiation pulse as shown in Fie. 5.
By taking the time average over the whole radiation pulse,





N is the total number of electrons of the whole electron
e
beam pulse,
is the total interaction time in S'-frame.
The term 2N E'E'A C , represents the coherent effects
between the scattered radiation and the stimulating wave, and the
term expresses the coherent effects among
the scattered radiations from the electrons within the electron





then Neff can be interpreted as the effective number of electrons
whose scattered radiations are in phase with the stimulating wave,
and N' is interpreted as the total number of electrons whose
scattered radiations are in phase with one another. Since these
two quantities are invariant under frame transformation, the gain
of the stimulating wave in the laboratory-frame can then be found.
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CHAPTER 3 CHARACTERISTICS OF A FEL
3.1 INTRODUCTION:
Although the first FEL amplifier and FEL oscillator have been
studied in good agreement to the experimental results, in order to
have a more fully understanding on a FEL, based on Chan and Tsui's
theories for the amplifier, a growing stimulating laser wave
is used to try to improve the theoretical results compared to the
experimental one, and some works are done to understand more
clearly on. the behaviour of the gain with different conditions
for the oscillator, besides for changing different parameters to
the effect on the gain and laser wavelength, a way to start the
original seed of coherent radiation inside the resonator from the
first single pass of the electron pulse is also established.
The result is then compared to experiment.
38
3.2 GAIN CHARACTERISTICS OF A FEL AMPLIFIER:
(I) CHANGE OF THE HELICAL MAGNETIC LENGTH
Using the theory of Chan and Tsui for a constant stimulating
laser wave in the interaction region, it is found that,
the interaction time of the electron beam pulse and the maximum
length of radiaton pulse along the beam direction are directly
proportional to the magnetic length, LI. As shown in Fig. 3, in
the co-frequency frame S', each electron travels along its own
path in the phase-space diagram in the interaction region.
Therefore, for a change in t'1 - t1/r but of all other condition
kept fixed, the phase distribution. of the electrons passing





Moreover, from the two equations below,
(2.3.36(a))
(2.3.36(b))
they show that changes in L'p - rLp will also affect Neff and Nsi,
p p
which finally alter the gain formula,
(2.1..2)
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Before finding the effect of the change in the magnetic
length to the behavior of the gain of a FEL amplifier, the motion
of an electron inside the interaction region is first discussed.
It has the same kind of motion of a simple pendulum as described
by, (see Fig. 3)
(2.3.17)
and p' represent the initial velocity and
where
no
position of an electron respectively.
The period T's[22] of the elliptical curve along which
electrons will evolve with incident velocity and and initial phase
w' p'= 0 is first found to be,
no
(3.2.1(a))
for electrons,in the closed curves
(3.2.1(b))
for electrons in the open curves
with
41
is plotted, i.e.,The graph of Ts'nc against.
(3.2.2(a))
for electrons in the closed curves
(3.2.2(b))
for electrons in the open curves
it is found to be independent on ttte optical power uensi.y 1S %ouu
Fig. 6), because the shape of the phase-space diagram is the same
for different IS
increases monotonically foxAs seen from
is equal to 1. After thenuntilincreasing
Electrons with w'p'no = o anddecreases for larger
no
are travelling in the boundary of the closed and open orbits. It
has infinite TsPnC, or precisely it has infinite T. Take an
example of Is- 1.4x10 5 Wcm -2,i.e., the Stanford FEL amplifier
condition. T's is plotted against p'no as shown in Fig. 7. With the
andhelp of Fig. 3, 'electrons of w
travel in the closed orbit(s) of the phase-space diagram.
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In the Stanford condition of which the magnetic length
LI'i5.2m, the gain of the amplifier is mainly due to the first term
of the gain formula, eqt. (2.1.2), i.e., the behavior of fll
is very important in this condition. As the
value of fll represents the degree of coherent effects between the
scattered radiation and the stimulating wave, a larger positive
value means a' stronger constructive interference and a negative
value corresponds to a destructive one, so f is now being
II




where T' is the shortest period of the elliptical curves along
s c
which electrons will evolve with incident velocity
3' «=0.663' , i.e., the electrons are initially at velocity
In the Stanford FEL amplifier condition, the interaction time
sec. is just 0.3T' . For electron initially atu h
is corresponding to that initially at
which has T9 eaual to
sec. Because electrons evolving in the
phase-space have T only between these two values, this implies
the electrons with incident velocity 3' do never complete a
J no(0.66) r
cycle for the Stanford amplifier condition.
Eqt.(3.2.3) is very useful for designing an experiment.
However, for any given optical power density and magnetic length,
or precisely the interaction time, eqt. (3.2.3) is usually not
satisfied. In the following discussion, the condition of the
relatively large value of f| is tried to found in order to explain
that
for smaller (larger) magnetic length, the graph of gain
against different electron energy shifts to higher (lower)
energy for obtaining the maximum value of gain, (see
Fig. 10(a-b))
and the 3 characteristics for the graphs of maximum value of gain
against different optical power density (see Fig. 9(a-d)),
(i) why is there a constant maximum value of gain at small I ?s
(ii) why is there a drop of maximum value of gain at larger I ?s
(Hi) why does the constant maximum value of gain extends to
larger I for smaller magnetic length?s
The maximum value of gain against different optical power
density in different magnetic length are plotted in Fig.9(a-d),
where Fig. 9(b) corresponding to magnetic length 5.2 m, which
is the Stanford FEL amplifier condition, acts as the reference
curve. From the graphs, all the four curves have the same shape :
they have a constant maximum value of gain first, and then the
maximum value decreases for increasing I . When the magnetics
length (or equivalently the interaction time) is just one fifth of
the reference one, i.e., Lj= 1.04 m (see Fig.9(a)), the maximum
value of gain against the electron energy shifts to higher energy
as shown in Fig. 10(a), compared to the Stanford condition in
Fig. 10(b). Fig. 10(a) shows that the maximum value of gain
occurs at electron energy 24.67 MeV, which corresponds to
-3
ft =»6.48xl0 . Because at this small magnetic length, the gain isno
mainly due to the first term of the gain formula, this means the
-3
maximum value of f» also occur at B' =6.48x10 . At such incident
no
velocity, T' is found to be 2.1x10 10 sec. (see Fig. 7), i.e.,s
t0.42r. Though different electrons have different initial
phases with the same , they have nearly the same T' in thisno S
case (see Fig. 7). Therefore, all the electrons will never
i
complete a cycle for obtaining this relatively large f| because
they have only travelled half a period in the phase-space after
passing through the interaction region.
Suppose the maximum value of gain did not shift to higher
energy for L =1.04 m, i.e., the maximum value of gain is at the
same electron energy as that for L = 5.2 m, i.e., 24.545 MeV, see
-3
Fig.10(b). This energy corresponds to 3' =1.40x10 which is ofno
T'lSxlO 10sec. (see Fig.7), so £'0.0592 . And for electrons
s N ' ' i s
with =1.40x10 3 u' p' =, its T' is corresponding to electronsno no Z S
initially at Q' =2.55x10 3 6c w'p' =0, which has T' of
no no S
7.13x10 10 sec., i.e. t'=0.12T'. In this situation, it shows thatis
the interaction time is too small compared to the periods of the
electrons in the phase-space . The shift finally makes the
electrons in the interaction region have periods comparable to the
I
interaction time in order to get a larger f».
In addition, though for different interaction time, the four
graphs are found to be constant for small I . Take the references
curve as an example (Fig. 9(b)), since the maximum value of gain
is mainly due to the contribution by the first term of the gain
formula (eqt. (2.1.2)), I.e.,
for the constant part of the Fig. 9(a-b), it is found that the
f
maximum value of N ff(Eg) (or precisely f|) is proportional to Es«
When at small E , the coherent effect between the scattered
s
radiation and the stimulating wave is small too.
Now the four curves begin to drop at large I . It is becauses
for a given interaction time, larger I corresponds to smaller T'.s s
Until at a certain optical power density, the term N (E )Ee££ S S
i
becomes smaller even though f| may be larger, because it cannot
compensate for the much smaller of -i-.
Finally, for smaller magnetic length, e.g., L =1.04 m, the
constant maximum gain begin to drop at larger I compared to thes
—1 1
reference one, because this interaction time (t'=8.9x10 sec.)' I
is now still satisfied the condition of that the maximum value of
f| is proportional to Eg from 3xl03 Wcm 2 to lxlO6 Wcm 2,
whereas at this range the reference curve has already dropped.
In conclusion, it is found that in order to obtain a
relatively large , the motions of the electrons in the
interaction region should have T comparable to the interaction
time. In such case, electrons will evolve so that stronger
constructive interference between the scattered radiation and the
stimulating wave occurs. Though it is not a very precise
statement, it provides the criterion for obtaining the largest
gain for a given interaction time and optical power density in a
FEL.
Conversely, for larger interaction time, the second term of
the gain formula (eqt. (2.1.2)) may now be more important than the
2
first one because N is proportional to where L is
the length of the electron beam pulse and it is constant, while
is proportional to L , whereas the first term is just proportional
tc Therefore, for very long L , the second term becomes
dominant because the maximum length along the electron beam that
scattered radiations emitting from cells within this length may
overlap with one another will be very long too. Or relatively,
for the same magnetic length and same number of electrons in a
beam pulse, a shorter length of electron beam pulse should be used
so that the effective fraction of the total number of electrons
whose scattered radiations are in phase with one another will be
larger.
t
In spite of the effect of L' , N' also contains f which is
r p' si si
an even function of B' , and its maximum value is found at
no
[11
3' Cr , see Fig. 11. The shifting characteristics of theno
-2
maximum value of gain for I = 1000 Wcm at different magnetics
length are plotted in Fig.l2(a-d).
(II) CHANGE OF NUMBER OF ELECTRONS
It is possible that a high current beam pulse is used in an
experiment, e.g., the FEL amplifier experiment reported in 1983
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that a 20 MeV electron beam of peak current 20 A is used , so
that the number of electrons increases significantly. From the
gain formula (eqt.(2.1.2)), for the electron beam pulse containing
a very large number of electrons, it is much more significant in
2
the second term as compared to the first one because N is
si
2
proportional to Ne, while N is just proportional to N. Or in
other words, the effective number of electrons whose scattered
radiations in phase with one another increases very much and it is
2
proportional to N . The maximum value of gain for differentA
optical power density using different number of electrons are
plotted in Fig. 13(a-c). The results indicate that for a FEL, it
is favorable for using large number of electrons.
3.3 A GROWING STIMULATING WAVE OF A FEL AMPLIFIER
As opposed to the previous calculation that the stimulating
wave inside the interaction region is constant, a growing
stimulating laser wave is now being considered. A mechanism is
suggested in order to calculate the effect due to such correction
on the final gain of a FEL amplifier. The mechanism is actually
based on Palmer's idea (B) (see Section 1.2) that inside the
electron beam, those electrons moving ahead are bunched by
radiations emitted by other electrons travelling behind them
(self-bunching), the stimulating wave is now changed continuously
inside the region due to the laser gain of each pass. The method
is as follows :
Consider a monoenergetic electron beam entering the
interaction region in the S'-frame. As the pulse length of the
electron beam is much longer than A' , the initial phases of thes
electrons are uniformly distributed and spread over many identical
1 1
unit cells of dimension u' p' ranging from -tttt to tttt as shown in
no Z Z
Fig. 3. The interaction process is now. considered as taking place
in a periodic array of a large number of identical cells, which is
found to be 122 because there are approximately 162 magnetic
wavelengths in the interaction region. Over each cell, the
stimulating wave is assumed to be constant at each time interval,
t'
At'= Y62' After At', all cells (except the first one) are now
interacted by a new wave, the growing stimulating wave which is
the superposition of the initial stimulating wave and the
scattered radiation due to the previous cell(s). The stimulating
wave for each cell at £' over a small time interval At' is now
(see Fig.4),
(3.3.1)
where j i represent the cell number and interaction time of
previous cell(s) respectively,
t,is the electric field of the growing stimulating
laser wave at time t',
is the electric field of the original external laser
wave,
E' is the electric field magnitude of the scattered
radiation due to each electron and it has been calculated
according to eqts. (2.3.29(b)), (2.3.30) (2.3.31),
N is the number of electrons in each cell, i.e.,
c
is the unit vector in the direction of
in order to obtain eqt. (3.3.1), phase shift of the scattered
radiations due to the slab of electrons with respect to the
stimulating wave is used (see eqt. (2.3.20)).
Although a growing stimulating laser wave is used, it is
found when using the condition of a large constant maximum value
of gain of 810% at 1=26 m (see Fig. 9(c)), the graph of the
maximum value of gain for different optical power density does not
change much, see Fig. 14. It is probably due to the fact that
there is cancellation between gain and absorption effects inside
the interaction region, which makes only little changes to the
final gain.
3.4 SHIFTING CHARACTERISTICS OF WAVELENGTH OF A FEL OSCILLATOR
[21
It has been shown that since the wavelength spectrum of
radiation emitted by the electron pulse in a single pass and the
energy spectrum of the electron beam are of definite widths,
during the time evolution of the stimulating wave inside the
resonator, the wavelength corresponding to maximum gain will shift
to a longer wavelength as the wave intensity is growing until the
steady is reached. Now this phenomenon is further studied with
different magnetic length and the results are shown in Fig.
15(a-b), where Fig. 15(b) is the Stanford FEL oscillator
condition.
The two figures have the same shape :
(i) the different in magnitude and different in extension of I s
for constant maximum value of gain have been discussed in
Section 3.2(1).
(ii) the shifting characteristics of the maximum value of gain
for longer wavelength as the. radiation field magnitude
inside the resonator increases. In Fig. 15(b), i.e., the
Stanford condition, it shows that the oscillator with total
loss of 2.8% in a single pass generates an output wavelength
of 3.405 zm. However, for a smaller magnetic length of
1.04 m, as shown in Fig. 15(a), since the maximum value of
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gain is only 0.34%, so it is impossible for such an
oscillator with total loss of 2.8% in a single pass to
achieve a steady state.
Finally, by comparing Fig. 15(a) Fig. 15(b), the constant
peak gain for a smaller magnetic length occurs at longer
wavelength. It implies the wavelength of a FEL oscillator may
also be tuned by adjusting the length of the interaction region.
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3.5 STARTING OF A FEL OSCILLATOR:
Although the Stanford FEL oscillator in the steady state has
been studied [2] in good agreement, it does not consider the
problem of how the FEL oscillator is starting. By now using
Palmer's ideas (B) and (C) (Section 1.2) that the electron beam is
bunched by coherent radiation which is generated by self-bunching
and then amplified inside a feed back cavity formed by two concave
mirrors (internal bunching), the starting of a coherent radiation
in the Stanford FEL oscillator is being studied. The mechanism is
nearly the same as for a growing stimulating wave. It consists of
two parts:
(i) When an electron beam is passing through into the interaction
region, as before, the interaction time is divided into 162
because there are approximately that number of wavelengths of the
magnetic field. This corresponds to, in the oscillator case of
about 386 identical unit cells of electrons in the interaction
region. Due to uniform phase distribution, each cell is, for
simplicity, divides into 36 phases. The wavelength of the
scattered radiation due to the electron of total energy 43.5 MeV
in the laboratory-frame is found to be 3.362 um, so now a
co-frequency frame can still be formed. For the first
each phase (except the first one) is now being




where j i represent the number and interaction time of previou;
nhaseCs) resDectivelv.
i q fhp p1 ppfri r Fi ol c nf a nVm.QA at~ fimp A'
E' is the electric field magnitude of the scattered
radiation due to each electron,
N is the number of electrons in each phase within each
cell,
7T
in order to obtain eqt. (3.5.1), phase shift of the scattered
radiations due to the slab of electrons with respect to the
stimulating wave is used. After the evolution of the first At',
the self-stimulating laser wave is obtained, i.e., gii., and
II
1
gj_f., of a unit cell for the first At' are obtained and they are
1
the same for all cells.
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(ii) At the end of this first Lt', the mechanism of the growing
stimulating wave in the FEL amplifier is applied, see Section
3.2(11).
Referring to the experiment of the first FEL oscillator [31]
the peak power of the spontaneous radiation was observed to have
the order of magnitude of 104 W at wavelength of 3.410 um. By
using the mechanism described above, the peak power and wavelength
of the coherent radiation for the first pass of the electron pulse
through the interaction region is found to be 3.7x10-4 W and
3.362 pm respectively. The result is good compared to the
experiment... So the mechanism described above is a good way to
calculate the self-stimulation of a laser wave.
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CHAPTER 4 CONCLUSION
The gain characteristics and the growing stimulating laser
wave of a FEL have been studied. When the first term of the gain
formula (egt.(2.1.2)) is dominant, it is found that electrons in
the phase-space will have periods comparable to the interaction
time of the device in order to get a higher gain. It probably
occurs. at small magnetic length. For very high current electron
beam and very long magnetic length, the effective number of
electrons with radiation fields in superposition and in phase wits
one another will increase greatly and becomes dominated in the
gain. A FEL for such conditions is preferable.
A mechanism is then suggested to consider the growing or a
stimulating laser wave inside the interaction region. Though
there is not much change in the theoretical result compared to
that using constant laser wave, it provides a good method for the
starting of coherent radiation inside a FEL. This has been
applied to calculate the coherent ,seed of* radiation in the
oscillator experiment in good agreement. However, some refinement
is still need to tackle the wavelength of this coherent seed.
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APPENDIX
In the S'-frame, the average radiated power which is due to
the constant stimulating laser wave and the scattered radiation
from the electrons is received by the detector and is calculated.
Firstly, the total energy of the radiation pulse in the S'-frame
is the sum of the radiation energy emitted by all unit cells is
found,
where At'- t' - t' is a small time interval. Then the total
i+l i
radiated power is obtained,
where K — J-l for L' L' and K — 1-1 for L' 1 L' .
p e p g
As I = 162 and J - 122 in the Stanford amplifier, i.e., I, J I,
In addition, JN - N , the total number of electrons in an
' C e
electron beam pulse. Thus, the average power of the radiation
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Experimental set up of the Stanford free-electron lasei
amplifier in 1976.
Experimental set up of the Stanford free-electron laser
oscillator in 1977.
Constant energy curves of the motion of an electron ir
the phase-space diagram.
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The periods of the elliptical curves along which
electrons will evolve with incident velocities B' and
no
initial phases w'p' = 0 times 3' at different ?' 3' .
no nc no ne
The periods of the elliptical curves alone which
electrons will evolve with incident velocities B' and
no
initial phases a)'p' - 0 for different 39 at optical
no no
5 -2
power density of 1.4x10 Wcm .
»
Coherency f» as a function of incident velocity ft' Vnone
for different value of interaction time t'T' , where
r sc
(0.30) corresponds the Stanford amplifier experimental
condition.
Fig. 9 The maximum value of gain against different optical
power density at different magnetic length, (a)
= 1.04 m, (b) = 5.2 m, (c) L = 26 m and (d)
L = 52 m.
5 2
Fig. 10 Gain of different electron energy for I = 1.4x10 Wcms
at different magnetic length, (a) Lj = 1.04 m and (b)
L = 5.2 m.
i
Fig. 11 Coherency f' as a function of incident velocity ft' ?'
si no n
for different value of interaction time t' T' , wherei sc
(0.30) corresponds the Stanford amplifier experimental
condition.
Fig. 12 Gain of different electron energy for I = 1000 Wcm 2 ats
different magnetic length, (a) 1= 1.04 m, (b)
L = 5.2 m, (c) L = 26 m and (d) L - 52 m.
Fig. 13 Maximum value of gain for different optical power
density at different number of electrons, (a)
N - 1.75X108, (b) N = 1.75X109 and (c) N =1.75xl010.
e e e
Fig. 14 Maximum value of gain against different optical power
density at = 26 m by using a growing stimulating
laser wave in the interaction region.
Fig. 15 Maximum value of gain and its corresponding wavelength
as a function of the radiation field magnitude at (a)
L — 1.04 m and (b) L — 5.2 m.T T
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Figure 15(b)
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